Introduction
A major attraction ofModel Predictive Control is the ability to include constraints in the control problem formulation by simply carrying out an optimization subject to satisfaction ofthese constraints. The standard formulation in the literature is to list constraints on inputs, outputs and possibly other variables, and handle these constraints as hard ones, i.e., constraints that have to be satisfied before any objective is optimized. The presence of these constraints, however, complicates the question of stability. Closed-loop stability cannot be assumed simply because Whe on-line optimization finds a solution. Furthermore, the constraints of the on-line optimization, even if they are not physical constraints, result in a nonlinear closed-loop system in spite of We fact that the process dynamics are usually assumed to be linear. Zafiriou (1990) suggested a framework that allows the translation of robust stability of the constrained, and therefore nonlinear, closed-loop system into robustness conditions for a set of linear systems.
In this paper we focus on the case where output constraints are imposed over theprediction horizon. Although ' Author to whom correspondence should be addrssed. E-mail: zafiriou@src.umd.edu the idea behind the development in the paper can be applied to the general multi-inputmulti-outputcase (Zafiriou and Chiou, 1992), we will limit tWe discussion here to Wte single-input single-output case, since in this case a non-conservative and simple to use condition can be obtained. Zafiriou and Marchal (1991) showed in detail how hard output constraints can result in very aggressive controllers. Ricker et al. (1989) suggested that softening such constraints may help avoid these problems. Since not all constraints can be softened, as is the case, e.g., for saturation constraints, one needs a framework that can deal with a mix of hard and soft constraints. Zafiriou (1991) extended his original framework to include the effect of softening on closed-loop, stability. In that paper a conservative sufficient closed-loop contraction condition was developed for e SISO case. In this paper we use a different approach that results in a nonconservative condition.
Closed-loop Stability
An impulse response model is used to describe the process: (1) where 9 is the model output, a is the input and N We truncation number,i.e., it is assumed that Hi = Ofor i > N.
The plant is assumed to be open-loop stable. Other types of models can also be used, e.g., step response models (Garcia and Morshedi, 1986) or state space descriptions (Li et al, 1989; Ricker, 1990) . The z-transfer function, p*(z), describing the process model is related to (1) (4) where rp(k) includes all the values of the reference signal (setpoint) during the prediction horizon from k + I to k + P and d(k) is the disturbance effect at the output at k. For linear model dynamics, Zafiriou (1990) We will consider the case M = 1, which is the usual choice for the unconstrained case, but which for the case of hard output constraints was shown to be a risky one in Zafiriou and Marchal (1991) . Let the subscripts u and h correspond to the unconstrained and hard constrained cases, respectively, and fuifh the result of the MPC optimization for these cases as defined in (4) . Then by carrying out the computations it can be shown that when the constraint is softened, we have for the coefficients of the Cj, (from (5)) that corresponds to the softened constraint at k + NGW:
where xj are the states of the system, defined as: G1S2 uW2 (6) A necessary condition for the closed-loop operator mapping the staes of the system (plant + controller) from one sampling point to the next, is that each of these linear controllers gives a closed-loop stable system. Note that the contraction property implies closed-loop stability. For more details and discussion the reader is referred to Zaflriou (1990 We know that for the unconstrained case (Garcia and Moran, 1982) avalueM = 1 combined with alargehorizon P will result in a stable control system (The use of the D weight also helps.) Let us assume that this has been accomplished and therefore the closed-loop characteristic polynomial r,(z) has roots inside the unit circle: r,l(z) = 1 -f l , l , z -1 r, On the other band, rh(z) is often unstable, and for M = 1 the parameters of the objective function have no effect of We can assume at this point that the tning parameters of the on-line objective function have been selected to yield a stable unconstrained system (r,(z)). However 
Example
The example is the top SISO part of the heavy oil fractionator defined in the Shell Standard Control Problem (Prett and Garcia, 1988 We now proceed with softening the constraint at k + 7
(Na = 7). The weightW is deteimed with themethod developed in the previous section. Tbe largest values are obtained from the Nyquist plots in figures 7 and 8. For P = 8, we get W = 3.6-and for P = 60, W = 290. The simulation with a soft constraint at k+7 forthe case P = 8, W = 3.6 is shown in figure 5 . The control system is closed-loop sta- 
